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Abstract
We analyze a nonlinear system of ordinary differential equations modeling phage–bacteria dynamics in the presence of phage-
resistant bacterial strains. The model, calibrated using experimental data for Klebsiella pneumoniae and a lytic bacteriophage,
describes interactions among susceptible bacteria, infected bacteria, resistant mutants, and free phages under logistic growth
constraints. We provide a complete characterization of the equilibria and their stability, showing that the system admits a
degenerate normally hyperbolic invariant manifold consisting of a quasineutral line of equilibria. This line is composed of
stable and unstable segments whose stability is governed by transverse hyperbolic directions. We show that coexistence
between phage-resistant bacteria and phages is organized by this quasineutral manifold, leading to nonhyperbolic asymptotic
dynamics with sensitivity to initial conditions. By varying the death rate of resistant bacteria, we identify a global transcritical
bifurcation involving an entire continuum of equilibria, resulting in an exchange of stability between two invariant half-lines.
This bifurcationprovides a rigorousmechanism for the transitionbetweenpersistence and clearanceof phage-resistant bacteria.
We further support the analytical results with numerical simulations and a sensitivity analysis based on variational equations,
demonstrating the robustness of the observed dynamics. Our results highlight how degenerate invariant manifolds can govern
long-term behavior in biologically motivated dynamical systems and provide a mathematically grounded framework for
understanding coexistence and elimination scenarios in phage–bacteria interactions.

Keywords Dynamical systems · Global bifurcations · Multidrug-resistant bacteria · Phage-bacteria interactions · Systems
biology

Author summary

Bacteriophages–viruses that infect bacteria–are being recon-
sidered as alternatives to antibiotics, but bacterial resistance
to phages often emerges rapidly. Understandingwhen phages

B Josep Sardanyés
jsardanyes@crm.cat

1 Department of Mathematics, University of Oviedo, C.
Leopoldo Calvo Sotelo 18, 33007 Oviedo, Spain

2 Institute for Integrative Systems Biology (I2SysBio),
University of Valencia-Consejo Superior de Investigaciones
Cientificas (CSIC), C. Catedr/’atic Agust/’in Escardino
Benlloch, 46980 Paterna, Val/’encia, Spain

3 Centre de Recerca Matemática (CRM), Edifici C. Campus de
Bellaterra, 08193 Cerdanyola del Vallés, Barcelona, Spain

4 Dynamical Systems and Computational Virology (CRM -
CSIC Associated Unit), Edifici C. Campus de Bellaterra,
08193 Cerdanyola del Vallés, Barcelona, Spain

and bacteria coexist and how resistant bacteria can be elimi-
nated remains a major challenge. In this study, we analyze a
mathematical model calibrated with in vitro data describing
interactions between bacteria, bacteriophages, and phage-
resistant mutants. Using tools from dynamical systems
theory, we show that coexistence between phages and resis-
tant bacteria is organized by a quasineutral line of equilibrium
states rather than a single stable equilibrium. This structure
explains why long-term dynamics can be highly sensitive to
initial conditions without being chaotic. We further identify
a bifurcation that leads to the extinction of resistant bacte-
ria when their effectivemortality exceeds a critical threshold.
Our results provide a mechanistic framework for interpreting
resistance-driven outcomes in phage–bacteria systems and
highlight how mathematical structure can constrain thera-
peutic strategies, even in simple experimental settings.
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1 Introduction

The emergence of multidrug-resistant (MDR) bacteria is a
mounting global health emergency, threatening the effec-
tiveness of standard antibiotics in facing bacterial infec-
tions. According to the World Health Organization, antibi-
otic resistance is among the top 10 global public health
threats. In 2021, 4.71 million (95% with uncertainty interval
(UI) 4.23–5.19) deaths were associated with antimicrobial-
resistant bacteria, including 1.14million (95%UI 1.00–1.28)
deaths attributable to bacterial resistance [1]. The problem is
particularly acute in hospital settings, where MDR strains
of, e.g., Klebsiella pneumoniae, Acinetobacter baumannii,
Pseudomonas aeruginosa, andEscherichia coli are responsi-
ble for a growing number of healthcare-associated infections.
These pathogens contribute, among others, to extended hos-
pital stays, increased treatment costs, and higher morbidity
andmortality [35].Moreover, the pipeline for new antibiotics
remains critically underfunded and insufficient, with few
novel agents addressing the most resistant Gram-negative
bacteria [17]. This confluence of rising resistance and declin-
ing innovation underscores the urgent need for alternative
antimicrobial strategies.

Bacteriophages, or phages –viruses that infect and lyse
bacteria– are being revisited as a viable therapeutic option
in the post-antibiotic era [43]. Unlike broad-spectrum antibi-
otics, phages are able to amplify and spread locally, targeting
microbial pathogens while also being highly specific to their
bacterial hosts, minimizing off-target effects on the micro-
biota [36]. Phage therapy (see Ref. [21] for a recent review),
first proposed nearly a century ago, was soon overshad-
owed by the success of antibiotics. However, the rise of
MDR bacteria due to the misuse and overuse of antibiotics
is renewing interest in phage therapy as a viable strat-
egy to combat pathogenic bacterial infections. Advances in
high-throughput sequencing, metagenomics, genetic engi-
neering, and synthetic biology are now overcoming previous
limitations, spurring increased support from funding agen-
cies, biotech startups, and pharmaceutical companies. Recent
studies and clinical trials have demonstrated the effectiveness
of phage therapy in treating antibiotic-resistant infections,
including chronic wound infections, sepsis, and respiratory
tract infections caused by Pseudomonas, Staphylococcus,
and Acinetobacter species [6, 10, 11, 13, 19, 42]. The
adaptability of phages, their natural presence in diverse
ecosystems, and their potential for genetic engineering also
make them attractive tools for precision medicine and infec-
tion control. Phage cocktails and engineered phages are
already being explored to broaden host range and prevent the
rapid emergence of bacterial resistance during therapy [27,
35].

Effective implementations of phage therapy require a deep
understanding of phage-bacteria-host population and co-

evolutionary dynamics, and this is where mathematical mod-
eling becomes useful. Models can help predict the dynamics
arising from ecological and evolutionary processes between
phages and bacteria within the host, thereby enabling better-
informed treatment designs [27]. These models can simulate
the timing, dosage, and combination strategies needed for
phage administration and assess synergies with antibiotics
or host immune responses. Furthermore, modeling is crucial
for anticipating resistance development and for designing
robust phage cocktails tailored to individual infections [35].
As precision medicine continues to evolve, integrating math-
ematical frameworks into phage therapy protocolswill be key
to optimizing outcomes and mitigating the global threat of
MDR bacteria.

Quantitative mathematical approaches are essential for
understanding the complex dynamics of phage-bacteria inter-
actions, particularly in simplified systems. In this context, in
vitro experiments with MDR strains and phages provide a
controlled setting to dissect key interactions and quantify
the rates at which key processes occur. By means of mathe-
matical modeling, dynamical systems theory, and statistical
methods, researchers can estimate key parameters that con-
trol the population dynamics from these experimental data,
such as infection rates, burst sizes, or bacterial growth [37].
These quantitative insights can enable more precise predic-
tions of system behavior under various conditions, including
different parameter values and initial conditions (i.e., monos-
table vs. bistable dynamics), shed light on the design of
effective phage therapies, and enhance our ability to manip-
ulate microbial ecosystems.

In this direction, a recent work by Rodríguez et al. [37]
introduced a mathematical model to analyze the in vitro
dynamics between K. pneumoniae and the lytic phage
vB_Kpn_2-P4. Through bacteria growth experiments and
mathematical modeling, the authors estimated key popu-
lation parameters, including bacterial growth rates, phage
infection rates, burst sizes, and phage-resistance emergence
probabilities. Logistic and nonlinearmodelswere fitted using
both Levenberg-Marquardt and Bayesian inferencemethods,
yielding consistent estimates. Results showed that resistant
mutants emerged rapidly and grew at rates comparable to
the wild-type strain, with minimal fitness cost. These find-
ings highlight the critical role of resistance in shaping phage
therapy outcomes and the importance of integrating experi-
mental data with quantitative models to predict and optimize
potential therapeutic strategies.

In this manuscript, we analyze the qualitative dynamics
of the mathematical model used in the experimental setting
described in Ref. [37] (see also Fig. 1). We study the equi-
libria and the bifurcations, showing a coexistence scenario
between phage-resistant bacteria and phages governed by
a quasineutral line of equilibria (i.e., a degenerate normally
hyperbolic invariant manifold, see Refs. [18, 29, 41] for other
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examples of quasineutral manifolds in biological models).
Clearance of resistant bacteria is achievable by combin-
ing phage treatment with increased degradation of resistant
strains, leading to a global transcritical bifurcation. These
results highlight the potential of combined phage-antibiotic
therapies to clear phage-resistant bacterial populations.

Despite extensive experimental and modeling work on
phage–bacteria systems, the dynamical structures governing
long-term coexistence and clearance remain poorly charac-
terized. In particular, little attention has been paid to the role
of non-hyperbolic invariant sets–such as lines of equilibria–
in shaping resistance-driven outcomes. Here, we address
this gap by providing a rigorous dynamical systems analy-
sis of a data-calibrated phage–bacteria model, revealing how
quasineutral manifolds can organize coexistence, shape sen-
sitivity to initial conditions, and govern clearance transitions.

2 Summary of the experimental results

The selected strain of Klebsiella pneumoniae was Kpn63, a
clinical strain that belongs to the capsular type KL-64 [17].
This strain harbors a New Delhi metallo-beta-lactamase-1
(NDM-1) enzyme that confers resistance to all beta-lactam
antibiotics, including carbapenems. The growth of Kpn63
was monitored without and with the presence of phage
vB_Kpn_2-P4 [37]. This is a lytic phage of K. pneumoniae
isolated from sewage water [17]. The phage vB_Kpn_2-P4
was selected for our study due to its broadest host range in
clinical strains of K. pneumoniae with capsular type KL-64.

The starting aliquot of the phage vB_Kpn_2-P4was stored
at -80◦C in SM buffer and then amplified in Luria-Bertani
media supplemented with CaCl2 in the same bacterial strain
in which it was isolated to obtain high-titer lysates. Negative
(only LB media) and positive (Kpn63 without phage) con-
trols were used to check the efficacy of phage infection. The
total volume was passed through a 0.22 μ m filtration unit
and concentrated using CP Select InnovaPrep equipment. To
determine the number of phage particles in our concentrated
aliquots (phage titration), we followed the double-layer agar
method. We mixed 10 μL of phage serial dilutions and 100
μL of fresh Kpn63 bacterial cultures in 3.5 mL of liquid top
agar at 55◦C and plated after vortexing in LB agar plates.
After overnight incubation at 37◦C, plaque-forming units
(PFUs) were counted, reaching a final titer of 1.5×1010 PFU
mL−1. The appearance of the plaques was small and cloudy;
the turbidity of the halos can result from partial bacterial lysis
or the activity of phage-associated enzymes (depolymerase),
which degrade components of the bacterial cell wall or extra-
cellular matrix without lysing the bacteria.

To study the infectivity of thephage and thephage-bacteria
dynamics in liquid medium, we determined the strength of
lysis based on time-lapse turbidity (OD600) measurements

at 10-min intervals. Our experiments were performed in
96-well plates, incubated at 37◦C inside a plate reader (Mul-
tiskan) for 16.5h. Once we knew the correlation of CFU
mL−1 from our bacterial suspensions and PFU mL−1 from
the phage aliquots, we tested different initial multiplicity of
infection (MOI) conditions by combining 150 μL of bacte-
rial suspension and 10 μL of phage dilution in each well. All
experiments were performed with 24 independent replicates
per condition (MOI 1, 0.1, 0.01, and 0.001).

3 Mathematical model

In this section we introduce the mathematical model describ-
ing the bacteria-phage dynamics used in the experiments
carried out in Ref. [37]. Since the experiments were done
in a liquid medium, a mean field model based on ordinary
differential equations (ODEs), i.e., the limit of infinite dif-
fusion, was used. The state variables of the model are the
density of wild-type (wt) Klebsiella strains y(t), infected
Klebsiella strains y f (t), phages φ(t), and phage-resistant
Klebsiella strains x(t).

The variable x may be either considered as a single type
of phage-resistant mutant or as an average population of dif-
ferent resistant mutants. The key modeled processes, shown
in Fig. 2(b), can be represented by the following stoichio-
metric relations, being s the available nutrients, which are
not explicitly considered:

y + s
k (1−μ)−−−−→ y + y, (1)

y + s
k μ−→ y + x, (2)

y + φ
ρ−→ y f , (3)

y f
η−→ ∅, (4)

y f
η−→ β φ, (5)

x + s
γ−→ x + x, (6)

x
ε−→ ∅, (7)

Reaction (1) is the duplication of Klebsiella wt cells (by con-
sumption of nutrients s) and is proportional to the intrinsic
growth rate k > 0, with μ ∈ [0, 1] being the probability
of producing a resistant strain. Notice we assume in reac-
tion (2) that resistant strains arise due to mutations during wt
replication. Reaction (3) is the infection of wt cells, which
is proportional to the infection rate ρ > 0. Infected cells die
due to lysis by phages at a rate η > 0, where β � 1 denotes
the burst size (i.e., the number of phages released upon lysis),
see reactions (4)-(5). Phage-resistant cells duplicate at a rate
γ > 0 [reaction (6)] and they die at a rate ε > 0 [reac-
tion (7)]. The above set of reactions can be modeled using
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Fig. 1 Model fit to the experimental data and parameter estima-
tion. (Left) Dynamics of wild-type (wt) Klebsiella pneumoniae in the
presence of the bacteriophage vB_Kpn_2-P4 monitored in vitro (black
dots). Bacterial densities aremeasuredwith the optical density (OD600).
The dynamics obtained with the mathematical model given by Eqs. (8)-
(11) and fit to the data are shown: wt population (y, blue lines); infected
bacteria (y f , green lines); resistant bacteria (x , orange lines). The sum
of all the bacterial populations (red lines) was used to compare with
the experimental data. Notice that the orange lines appeared overlapped

with the red ones when the phage-resistant bacteria out-competed the
other strains. Fits were done with the mean populations from the exper-
iments averaged over 21 independent replicas using two methods:
the Levenberg-Marquardt (LM) and Bayesian inference (BI). (Right)
Estimated parameter values using the LM and BI, with an intrinsic
growth rate of the wt bacteria of k = 0.538 and with carrying capacity
(expressed asOD)C = 0.887. These two latter valueswere obtained for
K. pneumoniae dynamics alone (see Ref. [37] for details). See Table 1
for a detailed description of the model parameters

the Law of Mass Action, giving rise to a dynamical system
governed by the following set of ODEs:

dy

dt
= k (1 − μ) y ω(y, x) − ρ y φ, (8)

dy f

dt
= ρ y φ − η y f , (9)

dx

dt
= (k μ y + γ x) ω(y, x) − ε x, (10)

dφ

dt
= β η y f − ρ y φ, (11)

where the function

ω(y, x) = 1 − y + x

C
, (12)

is a logistic growth constraint including competition between
the bacterial strains that duplicate. In this paper, we consider
both d f /dt and ḟ as valid notation for the first derivative.

Several modeling assumptions deserve comment. We
neglect superinfection of already infected cells and explicit
phage decay, assumptions justified by the short experi-
mental time scales and the large burst sizes observed in
vitro. The decay term for phage-resistant bacteria repre-
sents an effective mortality that may arise from fitness costs,
immune-mediated clearance, or synergistic antibiotic effects.
Importantly, the qualitative dynamics reported here do not
depend on the specific biological origin of this term, but
rather on its magnitude relative to the growth rate of the
resistant population.

The model further assumes that infected bacteria do
not proliferate and therefore do not compete for nutri-
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Fig. 2 Experimental system and modeled interactions. a Experi-
mental setup to track the population dynamics ofKlebsiella pneumoniae
(strainKpn63). The electronmicroscope image shows two bacteria cells
(image by Janice Carr/CDC–CDC, Atlanta (USA) from Wikipedia). b
Processes modeled in this work. We consider a wild-type (wt) popula-
tion of bacteria (y) that can become infected (y f ) by phages (φ). The
wt strains can mutate during replication and generate phage-resistant

cells (x). The stoichiometry of thewhole interactions is provided in reac-
tions (1)-(7),modeledwithEqs. (8)-(11). cGrowth curves forKlebsiella
pneumoniae (strain Kpn63) without phages measured with the optical
density (OD). We show eight replicates with an initial condition of bac-
teria with OD = 0.1. d Kpn63 dynamics with an initial population also
with OD = 0.1 in the presence of phages. The horizontal dotted lines
show the limit detection of the OD measures

ents; accordingly, this population is excluded from the
logistic growth term. Although the proliferation rate of
phage-resistant bacteria is allowed to differ from that of
the wild-type strain, experimental measurements indicate
that this difference is small [37]. Once a wild-type cell is
infected, it is assumed to be refractory to further infection.
All model parameters, together with their biological inter-
pretation, numerical values, and units, are summarized in
Table 1 (see also Fig. 1).

4 Results and discussion

In this section, we first compute the equilibria of the
system (8)-(11). Second, we study their stability and bifurca-
tions. Finally, we provide a sensitivity analysis of the system
response upon changes in parameters and initial conditions
by exploring the variational equations.

4.1 Equilibria and stability analysis

The equilibriumpoints of the system (8)-(11) are those points
(y∗, y∗

f , x∗, φ∗) satisfying

k (1 − μ) y∗ w(y∗, x∗) − ρ y∗ φ∗ = 0, (13)

ρ y∗ φ∗ − η y∗
f = 0, (14)

(k μ y∗ + γ x∗) w(y∗, x∗) − ε x∗ = 0, (15)

β η y∗
f − ρ y∗ φ∗ = 0. (16)

We calculate the solutions of this system, distinguishing
two cases: (I) y∗ �= 0 and (II) y∗ = 0.

Case I: y∗ �= 0. From the condition (14), it follows that
η y∗

f = ρ y∗ φ∗. Substituting in (16), we obtain (β −
1) ρ y∗ φ∗ = 0. Since β > 1 and ρ > 0, we conclude
that φ∗ = 0 and, therefore, η y∗

f = 0. Since η > 0, we
also obtain y∗

f = 0. Under these conditions, the equation
(13) reduces tow(y∗, x∗) = 0. Then, y∗ = C − x∗. Sub-
stituting in (15), it follows that x∗ = 0 because ε > 0.
Hence, we obtain an equilibrium point at (C, 0, 0, 0),
which we denote hereafter by P1. This equilibrium point
involves the persistence of only the Klebsiella pneumo-
niae wt strain achieving the maximum population (i.e.,
the carrying capacity C).
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Table 1 Parameters of Eqs. (8)-(11).We display the symbols, the bio-
logical meaning, the values, and the units of each parameter. The values
are set following the experimental results in Ref. [37]. In all these exper-
iments ε < γ and β � 1, so we assume the lower bound β > 1 to hold,

since infected bacteria produce large amounts of phages [37]. Here CFU
stands for colony-forming units and PFU for plaque-forming units. The
time unit used throughout this work is [t] = hours

Parameter Biological meaning Range Units

k Intrinsic growth rate of susceptible wild-type bacteria 0 < k < 1 t−1

γ Replication rate of phage-resistant bacteria 0 < γ < 1 t−1

μ Fraction of resistant bacteria generated from susceptible ones 0 < μ < 1 Dimensionless

ρ Infection rate of susceptible bacteria by phages 0 < ρ < 1 mL · PFU−1 · t−1

η Death rate of infected bacteria due to phages 0 < η < 1 t−1

β Burst size (number of phages released upon bacterial lysis) β > 1 PFU · CFU−1 · t−1

ε Decay rate of phage-resistant bacteria 0 < ε < 1 t−1

Case II: y∗ = 0. First, note that the condition (13) is trivial
in this case. From the condition (14), it follows that y∗

f =
0. Under these conditions, the equation (16) is satisfied,
and (15) is equivalent to the equation

γ x∗
(
1 − x∗

C

)
− ε x∗ = 0,

for any value of φ∗. Therefore, we obtain two lines of
equilibria, determined by the two solutions of the above
expression, x∗ = 0 and x∗ = C(1 − ε/γ ). In what fol-
lows, we denote these two straight lines of equilibria by

R0 ≡ {(0, 0, 0, θ+) : θ+ ∈ R
+},

R+ ≡ {(0, 0, C(1 − ε/γ ), θ+) : θ+ ∈ R
+}.

Remark 1 We take only the biologically meaningful part of
the straight lines, θ+ ≥ 0. In addition, we also require the
condition C(1 − ε/γ ) > 0 to be satisfied, i.e., ε < γ , in
agreement with the experiments performed in Ref. [37].

Before presenting the formal stability results, it is useful to
outline the structure of the phase space at a conceptual level.
The system admits equilibria corresponding to wild-type
dominance, phage extinction, and resistant–phage coexis-
tence. Remarkably, the latter does not occur at an isolated
point but along a continuum of states parameterized by phage
density. As shown below, the stability properties transverse
to this continuum determine whether the system converges
to coexistence or clearance. The following result follows.

Theorem 1 System (8)-(11), with parameter values restricted
to those given in Table 1, has an unstable hyperbolic equi-
librium point at P1 = (C, 0, 0, 0), which is of saddle type
(dim(W s(P1)) = 3 and dim(W u(P1)) = 1). Moreover,
under the condition ε < γ , the system has two non-negative
half-lines of equilibria, which satisfy

i) R0 = {(0, 0, 0, θ+) : θ+ ∈ R
+} is unstable,

ii) R+ = {(0, 0, C(1 − ε/γ ), θ+) : θ+ ∈ R
+} is unstable

for θ+ < θ∗+ and locally stable for θ+ > θ∗+, where
θ∗+ ≡ 1

ργ
k(1 − μ)ε.

Proof The Jacobian matrix of the system (8)-(11) is given by

JF (y, y f , x, φ)

=

⎛
⎜⎜⎝

k (1−μ)
(
w(y, x)− y

C

)−ρ φ 0 −k (1−μ) y
C −ρ y

ρ φ −η 0 ρ y
k μ

(
w(y, x)− y

C

)− γ x
C 0 γ

(
w(y, x)− x

C

)−ε− k μ y
C 0

−ρ φ β η 0 −ρ

⎞
⎟⎟⎠ .

The characteristic polynomial associated with the Jaco-
bian matrix at the equilibrium point P1 is

p(λ) = c0 + c1λ + c2λ
2 + c3λ

3 + λ4

with

c0 = Cρηkε(1 − β)(1 − μ),

c1 = kε(η + Cρ)(1 − μ) + Cρη(ε + k)(1 − β),

c2 = Cρη(1 − β) + kε(1 − μ) + (η + Cρ)(ε + k),

c3 = ε + k + η + Cρ.

By carefully manipulating the above polynomial expression,
we write p as the product of the following two quadratic
polynomials

q1(λ) = λ2 + (η + Cρ)λ + Cρη(1 − β),

q2(λ) = λ2 + (ε + k)λ + kε(1 − μ).

Therefore, the eigenvalues related to the equilibrium point
P1 are easily computed as the roots of q1 and q2. First, we
compute the roots of q1,

λ1,2 = −(η + Cρ) ± √
(η + Cρ)2 − 4Cηρ (1 − β)

2
.

Since the parameters of our model take positive values and
β > 1, the discriminant is always positive,� = (η+Cρ)2+
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4Cηρ (β−1) > 0.Moreover, as 4Cηρ (β−1) > 0, it follows
that η + Cρ <

√
�. Hence, these eigenvalues are real and

of opposite sign, λ1 > 0 and λ2 < 0. Second, the roots of q2
are

λ3,4 = −ε − k ± √
(ε − k)2 + 4kεμ

2
.

We obtain that both eigenvalues are real, since (ε − k)2 +
4kεμ > 0. Regarding the sign of the roots, it is clear that
λ4 < 0. As for the sign of λ3, since 4kε(1 − μ) > 0, it
follows that

(ε + k)2 > (ε + k)2 − 4kε(1 − μ)

and

−(ε + k) +
√

(ε + k)2 − 4kε(1 − μ) < 0.

Therefore, this eigenvalue is negative (λ3 < 0). In summary,
P1 is an unstable hyperbolic equilibrium point of saddle type,
with dim(W s(P1)) = 3 and dim(W u(P1)) = 1.

i) The Jacobian matrix associated with the line of equi-
libria R0 = {(0, 0, 0, θ+) : θ+ ≥ 0} is given by the
block-lower-triangular matrix

J 0
F =

⎛
⎜⎜⎝

k(1 − μ) − ρθ+ 0
ρθ+ −η

0 0
0 0

kμ 0
−ρθ+ βη

γ − ε 0
0 0

⎞
⎟⎟⎠ ,

whose spectrum is directly computed:

spec(J 0
F ) = {

k(1 − μ) − ρθ+ : θ+ ≥ 0
} ∪ {−η, γ − ε, 0}.

As γ > ε, all equilibrium points on R0 have an unstable
direction (associated with the positive eigenvalue γ − ε).
Therefore, the line of equilibrium points R0 is unstable.

i i)The Jacobianmatrix JF evaluated at points on the half-
line R+ = {(0, 0, C(1 − ε/γ ), θ+) : θ+ ∈ R

+} is given by
the block-lower-triangular matrix

J+
F =

⎛
⎜⎜⎜⎝

k(1 − μ) ε
γ

− ρθ+ 0
ρθ+ −η

0 0
0 0

kμ ε
γ

+ ε − γ 0
−ρθ+ βη

ε − γ 0
0 0

⎞
⎟⎟⎟⎠ .

We easily obtain

spec(J+
F )=

{
k(1−μ)

ε

γ
−ρθ+ : θ+ ≥ 0

}
∪ {−η, ε−γ, 0}.

Depending on the values of θ+, we distinguish two cases.
On the one hand, there exists an unstable direction when

k(1 − μ) ε
γ

> ρθ+. By defining θ∗+ ≡ 1
ργ

k(1 − μ)ε, we
obtain the line

r+
1 ≡ {(0, 0, C(1 − ε/γ ), θ+) : 0 ≤ θ+ < θ∗+},

which consists of unstable equilibrium points. On the other
hand, we get the line

r+
2 ≡ {(0, 0, C(1 − ε/γ ), θ+) : θ+ > θ∗+},

consisting of equilibrium points with three stable directions
and one central direction.

We refer the reader to the works by Fiedler and Liebscher
on stability of lines of equilibria [38, 39].

Remark 2 The φ-direction related to the zero eigenvalue,
which appears respectively in the spectrum of J 0

F and J+
F , is

entirely linked to the existence of the half-lines of equilibrium
points. Each half-line, R0 and R+, acts as a degenerate nor-
mally hyperbolic invariant manifold. Therefore, its dynamics
are governed by the transversal hyperbolic directions. In par-
ticular, as the threshold value θ∗+ is crossed along R+, a
change in the stability of the equilibria occurs. This indicates
that the limiting (stable) phage population must be suffi-
ciently large to ensure that all susceptible bacteria become
infected, leaving only a residual population of resistant bac-
teria. Consequently, smaller initial phage populations are
favoured to initially grow more rapidly before stabilizing
near their limiting value. The convergence of trajectories to
a stable equilibrium in R+ will be addressed later.

For completeness, we verify the nonnegativity and con-
vergence of the solutions for biologically meaningful initial
conditions, i.e., nonnegative initial datawith x and y bounded
by the carrying capacity, as expected biologically.

Definition 1 We say that (y(0), y f (0), x(0), φ(0)) are bio-
logically meaningful if

(y(0), y f (0), x(0), φ(0)) ∈ 
where


 :=
{
(y, y f , x, φ) ∈ R

4+ : x + y ≤ C
}
.

We restrict the system to the biologically meaningful
domain 
, which is positively invariant.

Proposition 1 Solutions of the system (8)–(11), with parame-
ter values given in Table 1 and biologically meaningful initial
conditions (Definition 1), exist for all t ≥ 0 and satisfy

(y(t), y f (t), x(t), φ(t)) ∈ 
 ∀ t ≥ 0.

In addition, for all t ≥ 0
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i) 0 ≤ y f (t) ≤ N, where N = max
{

y(0) + y f (0), C
+k(1 − μ)C/η},

ii) 0 ≤ φ(t) ≤ M, where M = max{β(y(0) + y f (0)) +
φ(0), β(C + N ) + k(1 − μ)β/ρ}.

Proof We begin by proving that 
 is positively invariant.
Since the solutions are continuous, any component can only
become negative by crossing zero. To verify whether this
is possible, we check the vector field on each coordinate
hyperplane:

• If y = 0, equation (8) implies that ẏ = 0, and thus y
cannot cross into y < 0.

• When y f = 0, equation (9) yields ẏ f = ρyφ ≥ 0 inR
4+.

• For x = 0, equation (10) shows that ẋ = kμyω(y, 0) ≥
0 whenever 0 ≤ y ≤ C (because then ω(y, 0) = 1 −
y/C ≥ 0).

• If φ = 0, then (11) implies φ̇ = βηy f ≥ 0 in R
4+.

Hence, nonnegative initial data remain nonnegative when-
ever y ≤ C , i.e., R

4+ is forward invariant. To prove that the
region x + y ≤ C is forward invariant (which is stronger than
y ≤ C), we consider x and y on the boundary x + y = C .
Since ω(y, x) = 0, it follows from (8) and (10) that ẋ =
−εx ≤ 0 and ẏ = −ρyφ ≤ 0 in R

4+. Therefore, 
 is posi-
tively invariant. In particular, 0 · x(t)+ y(t) · C for all t ≥ 0,
which shows that they are bounded above by C .

In order to analyze the boundedness of y f , we set r(t) :=
y(t) + y f (t). Using (8)–(9),

ṙ(t) = ẏ(t) + ẏ f (t) = k(1 − μ) y ω(y, x) − ηy f

≤ k(1 − μ) y − ηy f = k(1 − μ) y − η(r − y).

Since 0 ≤ y(t) ≤ C for all t ≥ 0, we obtain the inequality

ṙ(t) ≤ (k(1 − μ) + η) C − η r(t).

By comparison, we have r(t) ≤ max{r(0), C + k(1 −
μ)C/η}. As 0 ≤ y f (t) ≤ r(t), claim i) follows.

Finally, we establish the boundedness of φ(t) by defining

q(t) := β
(
y(t) + y f (t)

) + φ(t).

Using (8)–(11), we compute

q̇(t) = βk(1 − μ) y ω(y, x) − ρyφ ≤ βk(1 − μ) y

−ρyφ = y
(
βk(1 − μ) − ρφ

)
.

By the comparison principle, q(t) ≤ max{q(0), β(C +
N ) + βk(1 − μ)/ρ}. Since φ(t) satisfies 0 ≤ φ(t) ≤ q(t),
claim i i) follows.

The result below guaranties that all nonnegative solutions
with biologically meaningful initial conditions approach an
equilibrium.

Proposition 2 Solutions to the system (8)–(11), with param-
eter values given in Table 1 and any initial condition
(y(0), y f (0), x(0), φ(0)) ∈ 
, converge to a nonnegative
equilibrium.

Proof Consider the function

L(y, y f , x, φ) := −(
(β − 1)y + β y f + φ

)
,

defined in a compact positive invariant set 
c ⊂ 
.1 Using
(8)–(11), we compute

L̇ = −(β − 1)ẏ − β ẏ f − φ̇

= −(β − 1)k(1 − μ) y ω(y, x) ≤ 0 ∀t ≥ 0,

since 
 is forward invariant and ω(y, x) ≥ 0 for all t ≥ 0.
Thus L(t) is nonincreasing along trajectories. As all com-

ponents are bounded, L is bounded from below, and hence
there exists � ∈ R such that L(t) → � as t → ∞.

By LaSalle’s invariance principle [23], the ω-limit set of
any trajectory is contained in the largest invariant subset of

{(y, y f , x, φ) ∈ 
c | L̇(y, y f , x, φ) = 0}
= 
c|{y=0} ∪ 
c|{x+y=C}.

The largest invariant subset of this set is precisely the equi-
librium set2

E := (P1 ∪ R0 ∪ R+) ∩ 
c,

where we only consider R+ when γ > ε (so that it
is included in 
c). Hence, ω(z0) ⊂ E , where z0 :=
(y(0), y f (0), x(0), φ(0)) ∈ 
. Moreover, since L(t) → �

as t → ∞, every point p ∈ ω(z0) must satisfy L(p) = �.
Therefore,

ω(z0) ⊂ E ∩ {L = �}.

Now, along the equilibrium branches, we have

L(C, 0, 0, 0) = −(β − 1)C, L(0, 0, 0, φ∗) = −φ∗,
L
(
0, 0, C(1 − ε/γ ), φ∗) = −φ∗.

Therefore, on each connected component of E , the level set
{L = �} contains at most one point.

1 As our populations are bounded, we can always extract a compact
positive invariant subset of 
 for each initial condition.
2 Note that the intersection with 
c would only affect R0 and R+ by
limiting the value of φ to its bound.
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Fig. 3 Phase portraits and bifurcations. Orbits of the system (8)–(11)
projected on the invariant plane � = {y = 0, y f = 0} for different
values of ε. The other parameters are fixed, as indicated in the table of
Fig. 1 (estimated with the Bayesian inference (BI)). The half-lines of
equilibriumpoints R+ and R0 are displayed in red andblue, respectively.
Initial conditions are marked with asterisks, and the end of orbits with
dots. Orbits with initial conditions on the plane � are shown in black
dashed lines, while those with initial conditions y = 0 and y f �= 0

(projected onto the invariant plane) are shown in green lines. (Left)
ε < γ with ε = 0.1904: The line R+ is an attractor, and the line R0 is
repulsive. (Middle) ε = γ with ε = 0.5794: Both half-lines coincide
(purple), forming a single line of half-stable equilibrium points. (Right)
ε > γ with ε = 0.7: The line R+ becomes unstable and negative on
the x-axis, losing biological meaning, while the line R0 becomes sta-
ble. Orbits shown for negative values of x correspond to cases with no
biological meaning

Finally, since the ω-limit set of a bounded trajectory is
compact, invariant, and connected, it follows that ω(z0) con-
sists of a single point. Therefore, the trajectory converges
to one equilibrium of the system. Moreover, for all initial
conditions not lying on the stable manifolds of P1 or of the
equilibria on R0 and r+

1 , trajectories converge to one of the
stable equilibrium points in R+ (i.e. r+

2 ).

To conclude the analysis carried out in this section, we
consider the dynamics of the system by using the values of
the parameters estimated with the Bayesian inference (BI) in
the experiments [37] (see Fig. 1). We notice that using the
values obtainedwith the Levenberg-Marquardt (LM)method
would result in the same qualitative dynamics. The equilib-
rium points using these estimated values are given by

P1 = (0.8270, 0, 0, 0), R0 = {(0, 0, 0, θ+) : θ+ ≥ 0},
R+ = {(0, 0, 0.5552, θ+) : θ+ ≥ 0},

and the spectra of their associated Jacobian matrices are

spec(J 1
F ) = {9.7493,−11.3685,−0.0897,−0.6663},

spec(J 0
F ) = {0.3140 − 0.9359 θ+ : θ+ ≥ 0}

∪ {−0.8452, 0.3890, 0},
spec(J+

F ) = {0.1032 − 0.9359 θ+ : θ+ ≥ 0}
∪ {−0.8452,−0.3890, 0}.

Following the results above, considering the estimated
parameter values from the data, the orbits will move towards
the half-line R+, since the other equilibria, the point P1 and

the half-line R0, are unstable. Due to the transverse stabil-
ity of r+

2 , the only asymptotic state the system can achieve
is the stable part of the half-line R+. The point separating
the stable and unstable regions along the line R+ is given
by θ∗+ = 0.1103, with x∗ = 0.5552. This prediction is in
agreement with the values obtained for the phage-resistant
mutants in the experiments. The fits performed with both the
LM and the BI showed a population of phage-resistant cells
rapidly out-competing the susceptible ones together with the
extinction of the infected bacteria. The dynamics for the
phage-resistant cells started saturating at approximately 15-
16h, achieving a population value of x(t = 16) ≈ 0.56 (see
Fig. 1).

4.2 Bifurcations

The computation of the equilibria of Eqs. (8)-(11) and the
analysis of their linear stability allowus to identify the param-
eters that cause qualitative changes in the dynamics. That is,
the identification of bifurcations. Most of these bifurcations,
with one exception, are not biologically relevant, as they
occur for parameter values outside the biologically admis-
sible range.

Among all the assumptions made regarding the model
parameters (see Table 1), there is only one that can be modi-
fied in our model without entirely losing biological meaning:
γ > ε. Although such a bifurcation will never occur in the
case of the bacteria strain studied here, that is, under the
estimated parameter values, both the parameters γ and ε

could vary for other bacterial strains. Slowing the growth of
multidrug-resistant (MDR) bacteria that have also developed
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Fig. 4 Orbits of the system (8)–(9) around the bifurcation associ-
ated with the parameter ε. The line R+ is shown in red and the line
R0 in blue. The start of each orbit is indicated by an asterisk and the
end by a dot. For all simulations, parameter values are taken from the
table in Fig. 1, except for the bifurcation parameter ε, which is varied.
(a)–(c) Orbits of the populations x , y, and φ for different initial con-
ditions outside the invariant plane {y = 0, y f = 0}. (a) Example with
ε = 0.1904 < γ . The line R+ is attractive, while the line R0 is repul-

sive. (b) The case ε = γ = 0.5794 makes both lines coincide, forming
a single equilibrium line R0 containing half-stable equilibria. (c) Here
ε = 0.7 > γ is selected. The line R+ becomes unstable and loses bio-
logical relevance, while the line R0 becomes stable. (d)–(f) Projections
of the orbits from panels (a)–(c), respectively, onto the (x, φ) and (y, φ)

planes.We only show nonnegative orbit values with biological meaning

resistance to bacteriophages is highly challenging and likely
requires multifaceted strategies. One approach could involve
phage cocktails or engineered phages, which target multiple
bacterial receptors or deliver lethal genetic payloads [21].
CRISPR-Cas systems, delivered via phages or conjugative
plasmids, can precisely eliminate resistant strains by tar-
geting essential or resistance genes [8]. Bacteria often pay
a fitness cost for resistance, which could be exploited by
adjusting environmental conditions (e.g., nutrient limitation)
or by introducing competitive strains weakening the growth
of the phage-resistant strains. Quorum sensing inhibitors
can also disarm bacteria without selecting for further resis-
tance [33]. Moreover, phage-resistant bacteria could slow
down growth or increasemortality if an antibiotic acting syn-
ergistically with bacteriophages is introduced. In this sense,
phage-antibiotic therapies have shown promise in resensitiz-
ing bacteria to treatments [9].

In what follows, we analyze the bifurcation associated
with the extinction of phage-resistant bacteria. All param-
eters are fixed at the values estimated using the Bayesian
inference method (Fig. 1), with the exception of ε, which
is treated as the bifurcation parameter. From a biological

and therapeutic standpoint, bifurcations in this system cor-
respond to qualitative shifts in treatment outcomes. Among
all parameters, the effective mortality rate of phage-resistant
bacteria (ε) plays a distinctive role, as it could be experi-
mentally modulated through antibiotic exposure, immune-
mediated clearance, or engineered phage strategies. We
therefore examine ε as a control parameter governing transi-
tions between resistant persistence and clearance.

First, we note that the spectrum of the Jacobian matrix at
P1 varies with ε, yet the instability of P1 remains unaffected
by the condition γ > ε. Accordingly, we focus solely on
the changes along the half-lines of equilibria R0 and R+ as
the bifurcation parameter varies. It is clear that the condition
ε = γ marks a change in the stability of the equilibrium
lines in the x-direction, as suggested by the spectrum of the
Jacobian associated with both lines. To explore this stability
change inmore depth, we restrict our analysis to the invariant
plane � = {y = 0, y f = 0}. Since ẏ = 0 and ẏ f = 0 under
this restriction, the 4-dimensional system (8)-(11) is reduced
to a 2-dimensional model. Moreover, on the invariant plane
�, we also obtain that φ̇ = 0 for all values of φ. Thus, within
this invariant plane, the variable φ remains constant and can
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Fig. 5 Sensitivity analysis of x and φ as functions of ε over the time
interval t ∈ [0, 40], for the system given by equations (8)-(11). The
estimated parameter values given in the table in Fig. 1 are used. Addi-
tionally, an initial condition very similar to that of the experiments [37]
is taken, particularly, (y0, y f 0, x0, φ0) = (0.1, 0, 0, 1). The variable x
shows a variation that increases slightly at the beginning but quickly
stabilizes. The variable φ barely shows any variation. Only x and φ are
shown in the figure, as y and y f are negligible

be treated as a parameter in the reduced system. This means
that the dynamics are effectively governed by the differential
equation:

ẋ = x
(
γ − ε − γ

C
x
)

. (17)

After the change of variable z = γ
C x , Eq. (17) can be

written in the normal form of the transcritical bifurcation,
i.e., ż = αz − z2 with α = γ − ε. Figure 3 illustrates the
dynamics of x and φ on the plane �, by means of phase
portraits for various values of the bifurcation parameter.

Although the transcritical bifurcation in the x-direction is
fully characterized, it is important to clarify what occurs in
the other two directions that were not considered. In fact,
the eigenvalue in the y f -direction, as verified in the previous
section, is always negative (−η < 0). Therefore, the only
direction that may cause instabilities is the y-direction. We
describe the three cases to determine whether the dynamics
of the equilibrium points along the half-lines indeed change.

As shown in the different panels of Fig. 4, for initial con-
ditions with φ below a certain threshold, the orbits move
away from the equilibrium points. However, once the orbit
crosses this threshold (denoted θ∗+ in the case ε < γ and
θ∗
0 in the other cases), attraction toward the corresponding
equilibrium line begins. Furthermore, we observe that the
higher the distance from the attracting equilibrium line, the
faster the convergence; this is reflected in the eigenvalue in

the y-direction becoming increasingly negative. Moreover,
the local stability analysis of R+, together with the behavior
illustrated in Fig. 4, panels (d) and ( f ), allows us to pro-
pose a biologically significant interpretation of the observed
phenomenon. For very small initial phage populations φ0,
the virus appears to develop a mechanism allowing it to per-
sist, evenwhen the bacterial population is significantly larger.
Notably, there is an initial sharp decline in the resistant bacte-
rial population, accompanied by a rapid growth of the phage
population. From a biological perspective, if experimental
validation confirms this mechanism, it could be exploited to
induce a drastic initial reduction in resistant bacteria.

In summary, we have identified a global transcritical bifur-
cation in the x-direction involving the two half-lines of
equilibria R0 and R+. We name it a global transcritical bifur-
cation because the collision and interchange of stability is not
between two single points, but between a continuumof points
at each line. Additionally, we have shown that, in the full sys-
tem, the attracting half-line r+

2 (present when ε < γ ) loses
stability in favor of r02 as the bifurcation parameter ε crosses
the critical threshold γ .

4.3 Sensitivity analysis

In this section, we provide a local sensitivity analysis of the
model, exploring how changes in parameters and initial con-
ditions impact the dynamics. Our approach follows the study
of the variational equations outlined in Ref. [32]. Variational
sensitivity analysis computes sensitivities by solving addi-
tional differential equations, providing accurate, continuous
results in a single simulation. In contrast, standard methods
(like finite differences, Monte Carlo sensitivity analysis, or
variance-based methods) rely on repeated model evaluations
with perturbed parameters,making them simpler but less effi-
cient andmore prone to numerical errors. Sensitivity analysis
based on variational equations also provides key insights into
the robustness of the mathematical model when subjected to
uncertainties, whether in the model parameters or in the ini-
tial conditions. In the previous section, the parameter ε was
identified as a key factor influencing the system’s dynamics,
acting as a bifurcation parameter. Given its importance, we
begin the sensitivity study by examining the effects of small
perturbations in ε. We then extend the same methodology to
the remaining parameters of the model.
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Fig. 6 Sensitivity analysis of x and φ as functions of the parameters of
the system (8)-(11) for different time intervals. The estimated parame-
ter values given in the table in Fig. 1 are used. Additionally, an initial
condition very similar to that of the experiments [37] is taken, that is,
(y0, y f 0, x0, φ0) = (0.1, 0, 0, 1). (a) The variable φ shows a small
variation with respect to parameter β, while x practically shows no
variation. (b) The variable φ has a notable initial variation with respect

to η, although it rapidly decreases. On the other hand, x shows no vari-
ation. (c) The variable φ barely fluctuates with respect to γ , while the
variable x varies slightly at the beginning. (d) The variable φ varies
rapidly initially with respect to μ, while the variable x barely moves.
(e) The variable φ varies slightly with respect to ρ at the beginning and
the variable x barely varies. (f) The variable φ shows some variation
with respect to k, and the variable x shows hardly any changes

The sensitivity analyses for the parameters are studied
from the following system of variational equations:

d

dt

(
∂ y

∂ε

)
=

[
k(1 − μ)

(
1 − x + 2y

C

)
− ρφ

]
∂ y

∂ε

− k(1 − μ)y

C

∂x

∂ε
− ρy

∂φ

∂ε
,

d

dt

(
∂ y f

∂ε

)
= ρφ

∂ y

∂ε
− η

∂ y f

∂ε
+ ρy

∂φ

∂ε
,

d

dt

(
∂x

∂ε

)
=

[
kμ

(
1 − x + 2y

C

)
− γ x

C

]
∂ y

∂ε

+
[
γ

(
1 − 2x + y

C

)
− kμy

C
− ε

]
∂x

∂ε
− x,

d

dt

(
∂φ

∂ε

)
= −ρφ

∂ y

∂ε
− ρy

∂φ

∂ε
+ βη

∂ y f

∂ε
.

(18)

Since the original system and the perturbed one share the
same initial conditions, the variational equations must reflect
this fact as well. Thus, they satisfy the following initial con-
ditions:

∂ y

∂ε
(0) = 0,

∂ y f

∂ε
(0) = 0,

∂x

∂ε
(0) = 0,

∂φ

∂ε
(0) = 0.

We can numerically estimate the solutions of the system
(18). The results of the analysis for the parameter ε show that
the variations for y, y f , or x are very small, being significant
only for φ, as illustrated in Fig. 5. Actually, a value of ∂φ/∂ε

of about ∼ 10 is not a very significant variation considering
the order of magnitude of the phage population. In principle,
weonly consider afluctuation truly significantwhen the order
of magnitude of the derivative is higher (order 2 or above),

Next, we repeat this analysis for any parameter λ ∈
{β, η, γ, ν, ρ, k} of the model. The results of the analysis
show that, as in the case of the parameter ε, the variations for
y or y f are very small, being of interest only those for x and
φ. We illustrate the results obtained in Fig. 6.
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Fig. 7 Sensitivity analysis of y, y f , x , and φ with respect to the ini-
tial conditions of the system (8)–(11) over different time intervals. The
parameter values used correspond to those estimated in the table in
Fig. 1. Additionally, the initial condition is chosen to closely resemble
that of the experiments in Ref. [37], specifically (y0, y f0 , x0, φ0) =
(0.1, 0, 0, 1). (a) The variables y and y f exhibit a small initial variation
with respect to the initial condition y0 that rapidly decreases, while the
variables x and φ show almost no change. (b) All variables except φ,

which remains nearly constant, show an initial variation relative to the
initial condition y f0 that quickly diminishes. (c) The variables y and
y f display very limited variation with respect to the initial condition
x0. The population x exhibits the greatest sensitivity, although this also
decreases over time, and the population φ again shows very little sensi-
tivity. (d) The variables y and y f show a notable variation with respect
to the initial condition φ0. The variables x and φ exhibit a small initial
variation that eventually decreases

We conclude that the model (8)-(11) is quite robust in the
sense that the results are not conditioned by perturbations in
the parameters.However,we should note that in the particular
case of the variable φ some sensitivity to the parameters can
be appreciated, particularly toη, where the highest peak value
of all is reached (see Fig. 6, panel (b)).

To complete the sensitivity analysis of themodel,we study
its behavior under variations in the initial conditions. Of par-
ticular interest is the sensitivity with respect to the initial
phage concentration, φ0. To achieve this, we apply a method
based on parameter sensitivity analysis, also relying on the

variational equations. We follow similar computations as in
Ref. [32].

The results obtained for the initial conditions y0 and y f0
show that the variations in the different variables are very
small [see Fig. 7(a,b)]. The perturbed solutions quickly sta-
bilize, approaching the unperturbed solution. In the case of
the initial condition x0,we observe somevariation, especially
in the variable x . However, all variables eventually converge
to the unperturbed solution [see Fig. 7(c)]. Finally, the initial
condition φ0 has the greatest impact on the system’s sensitiv-
ity, as observed in our results. Much larger variations occur
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than in the other cases, particularly for the populations y and
y f [see Fig. 7(a,b)]. This can also be interpreted as the model
dynamics having a strong dependence on the initial condi-
tion φ0. Except for this last case, no significant variation is
observed for any of the populations in the other results; all
obtained values remain within orders of magnitude that sup-
port the robustness of the model.

In general, the sensitivity analyses conducted for both
parameters and initial conditions allow us to conclude that
our model is very stable and robust. That is, small pertur-
bations in the fixed conditions of the model–whether initial
conditions or parameter values–do not produce significant
fluctuations in the solutions.

Biologically, this robustness implies that the emergence of
resistant-dominated outcomes is not an artifact of fine-tuned
parameter choices or experimental noise. Instead, the quali-
tative behavior is structurally stable across broad parameter
ranges, reinforcing the relevance of the identified quasineu-
tral manifold for real phage–bacteria systems.

5 Conclusions

The global proliferation of multidrug-resistant (MDR) bac-
teria poses a critical threat to public health by compro-
mising the efficacy of conventional antibiotic therapies and
necessitating the development of alternative antimicrobial
strategies [1]. With antibiotic development pipelines lagging
behind clinical needs [17], phages are regaining attention
as a viable therapeutic option [43]. Clinical cases and trials
have demonstrated phage efficacy against antibiotic-resistant
infections [42]-[19], and engineered phages and phage cock-
tails are being explored to broaden host range and mitigate
resistance [4]. Therapies based on combining phages with
antibiotics are an important topic of current research from
both the experimental [24, 30, 31, 34] and theoretical [25,
40] approaches.

Implementing phage therapy effectively requires a deep
understanding of phage-bacteria dynamics, particularly to
address the problem of the emergence of phage-resistant
strains. Mathematical modeling provides a powerful tool to
simulate and predict these interactions, supporting optimized
treatment strategies [27]. In vitro experiments, such as those
recently reported byRodríguez et al. [37], allow estimation of
key parameters like infection rates, burst sizes, and the like-
lihood of the emergence of phage-resistant bacteria. In the
experiments carried out in Ref. [37], the initial population
of Klebsiella pneumoniae was depleted by the phages, but
after a few hours, the population of bacteria started growing
again due to the emergence or overgrowth of phage-resistant
strains. Previous in vitro experiments [7, 12, 26, 28] and
ecological models [3, 28, 44] of phage-bacteria systems pre-
dict broad regimes of coexistence among phage and bacteria

populations. In many instances, co-culturing of phage and
bacteria together leads to the emergence of persistent coevo-
lution,maintaining their populations in the long term through
the so-called Red Queen dynamics [2, 12, 22].

In this work, we have analyzed the model introduced in
Ref. [37], which was calibrated with in vitro data on bacteria-
phage dynamics. Here we have studied the equilibria and
bifurcations that govern coexistence and clearance scenarios
for the phage-resistant strain(s). We have identified coexis-
tence of phage-resistant bacteria with phages by means of a
degenerate normally hyperbolic invariant manifold (NHIM).
This degenerate NHIM is indeed a line of quasi-neutral equi-
libriawith an unstable and a stable part. ThisNHIM, in the the
deterministic approach analyzed here, involves that differ-
ent close initial conditions can be attracted toward different
regions of the stable line, i.e., non-chaotic sensitivity to ini-
tial conditions. The presence of quasineutral manifolds has
been described in other models in theoretical biology. For
instance, lines or curves of equilibria have been identified
in prey-predator models given by differential [14] and par-
tial differential [16] equations, in Lotka-Volterra competition
models [14, 29], in strains’ competition models of disease
dynamics [20], in models of RNA genome replication [41],
and in host-parasite systems [18]. Other dynamical systems
have been shown to be governed by higher-dimensional
degenerate NHIMs involving planes filled with equilibria.
These neutral surfaces have been characterized in predator–
prey models with Holling type III functional responses [15]
and in socio-economical models [5] and, more recently, in a
mathematical model for betacoronavirus between-cell infec-
tions [32].

Summarizing, our work provides insights into simple
phage-bacteria dynamics by analyzing a model success-
fully calibrated with in vitro experimental data for K.
pneumoniae with phages. We have described a coexistence
scenario governed by non-hyperbolic equilibria, opening
new avenues to understand the role of these manifolds in
real systems. Despite their widespread presence in models
of biological systems, these manifolds lack experimental
evidence. Future research should also investigate phage-
bacteria quasineutral dynamics considering stochasticity.
In this sense, previous works described stochastic dynam-
ics as relevant determinants of asymptotic behaviors with
quasineutral manifolds [20, 29, 41].

Our results suggest that experimental measurements tar-
geting trajectories along quasineutral manifolds–rather than
single equilibrium states–may be crucial for understanding
and controlling phage resistance. More broadly, identi-
fying non-hyperbolic dynamical structures in data-driven
biological models may reveal hidden constraints on thera-
peutic optimization that are invisible to purely numerical or
equilibrium-based analyses.
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